Substitutions are powerful tools to study combinatorial properties of sequences. There exist strong characterizations through substitutions of the Sturmian sequences that are S-adic, substitutive or a fixed-point of a substitution. In this paper, we define a bidimensional version of Sturmian sequences and look for analogous characterizations. We prove in particular that a bidimensional Sturmian sequence is always S-adic and give sufficient conditions under which it is either substitutive or a fixed-point of a substitution.
Introduction
Substitutions are non-erasing morphisms of the free monoid A * and generate infinite sequences by iteration, replacing a letter of A by a word of A * . One of the most interesting property of sequences obtained in this way is that they are algorithmically easily generated and have a strongly ordered structure, though not restricted to the single periodic case.
The connection between substitutions and Sturmian sequences has been widely studied. Roughly speaking, a Sturmian sequence S α,ρ over the alphabet {1, 2} encodes the way the line y = αx + ρ, α being irrational, crosses the unit squares of the lattice Z 2 (see Fig. 1 and for more details [9, 11] ).
A Sturmian sequence is said substitutive, according to the terminology of [7], if it is the image under a morphism of a fixed-point of a (nontrivial) substitution:
It is proved that such sequences are exactly the Sturmian sequences S α,ρ with a quadratic irrational slope α and an intercept ρ ∈ Q(α) (see [4] ). If we furthermore require that S α,ρ be itself a fixed-point of a substitution, the previous characterization becomes that α is a reduced quadratic irrational, with some additional conditions on ρ (see e.g. [6, 14] ). Let us recall (theorems of Lagrange and Galois) that an irrational number is quadratic (resp. reduced quadratic) if and only if its continued fraction expansion is ultimately periodic (resp. purely periodic). In this paper, we would like to proceed by analogy in the bidimensional case in order to obtain similar results. The first difficulty arises from the analogy itself, which is not so obvious and with whom we deal in the first three sections. Section 1 defines bidimensional Sturmian sequences, our analogue of Sturmian sequences. Sections 2 and 3 give the definition of, respectively, the bidimensional substitutions and the bidimensional continued fraction expansion we have chosen, namely the generalized substitutions introduced in [3] and the Brun's algorithm (see [5] ). It is indeed a choice since there is no canonical multidimensional definition of a substitution or of a continued fraction expansion.
Our main results are given in Section 4. We here restricted ourselves to the case of homogenous bidimensional Sturmian sequences, which correspond to the Sturmian sequences S α,ρ for which ρ = 0. Theorem 3 proves that such bidimensional sequences are S-adic (see e.g. [13] for more details about S-adicity), while Theorem 4 gives a partial characterization very similar to the unidimensional case: a bidimensional Sturmian sequence is proved to be substitutive (resp. fixedpoint of a substitution) if its parameters -the equivalent of the slope α of a Sturmian sequence -have an ultimately periodic (resp. a purely periodic) bidimensional continued fraction expansion. Notice that a true characterization (for example α is a cubic irrational if and only if the corresponding bidimensional sequence is substitutive) is probably very hard, since there is still no generalization of the theorems of Lagrange and Galois which would say us which vectors have purely periodic or ultimatily periodic expansions for some continued fraction expansion (maybe not the one here used).
In Section 5, we examine the result of Section 4 from a more practical point of view: can we use the substitutions to effectively generate bidimensional Sturmian sequences? Though it does not completely solve the problem, Theorem 5 give a non trivial result in the substitutive case. We end the paper giving in Section 6 future extensions of the work presented here.
Stepped Planes and Bidimensional Sequences
We here show how to associate to a plane a bidimensional sequence, by analogy to the one-dimensional case. This analogy also leads to define Sturmian bidimensional sequences. One denotes (e 1 , e 2 , e 3 ) the canonical basis of R 3 . The face (x, i * ), for x ∈ Z 3 and i ∈ {1, 2, 3} is defined by (see Fig. 2) : (x, i * ) = {x + re j + te k | 0 ≤ r, t ≤ 1 and i = j = k}.
